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1
Extra exercises of chapter 1

1.1 Exercises

1.1 Consider a Cartesianxyz-coordinate system, speci ed with the or-
thonormal basis vectorsf g;§,; €0.

(a) Within this system a plane is spanned by the vectorsa and B, spec-
i ed by:
a = 16§ 158
b = 20e 15¢
Determine the unit normal to this plane (vector with length 1 per-

pendicular to the plane). Why is the solution not unique?
(b) In addition the following vectors B, € en @ are de ned:

D = 38 +2%
€t = 58 &
ad = &+

Express B9 & in the basis vectorsfs,;€,; €09, where (9 is the
dyadic product of the vectorsD and &
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1.2 Answers

1.1a)
A= (0:648 +0:68 +0:48g)

The solution is not unique; the normal can be oriented in two op-
posite directions.

(b)
(b9 d=12% +87q
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Extra exercises of chapter 3

3.1 Exercises

3.1 A board with length 6a is xed to the wall in point A with a hinge.
The board is able to rotate freely around the joint. In a point B at
a distance & of A, the board is kept in horizontal position by means
of a cable, tied to the board in B and xed to the rigid wall in point
C. The mass of the board isMp (see gure). Cable and board can be
assumed to be rigid (undeformable) structures. A box, with length2a
and massM is placed on the board. The front of the box is exactly
placed at the front edge of the board. The gravitation acceleratio is

g.

3a a 2a

Fig. 3.1.

(a) Draw a free body diagram of the construction to enable the calo-
lation of the reaction forces in points A and C.
(b) Calculate the reaction forces in point A and C.

3.2 An athlete hangs, arms wide and legs horizontal, in the ying-rings.

4



3.1 Exercises 5

The athlete is motionless (see gure). The total body mass of the
athlete is M_. The mass of the arm isM,. The total length of
the arm, from the shoulder joint to his hand is a. The gravitational
acceleration isg. To make a rough estimate of the forces and moments
in the shoulder muscles a simple model is proposed for the arm in the
form of a bar that is rigidly clamped near the shoulder (point S) and
loaded with a vertical force F at the other end.

(a) Determine the magnitude of the forceF.

(b) Determine the reaction forces and moments at point S. Assum¢hat
the centre of gravity of the arm lies in the middle, at a distance%a
from the point S.

To stay in balance, with the legs horizontal, it is necessary for the
athlete to incline forward a little. In that case his trunk is at a small
angle with the vertical axis. To determine this angle we use the
model that is depicted in the gure below of two rigidly connected
bars connected to a xed point R with a hinge (the construction can
rotate freely around the point R. The length of the legs isd the length
of the trunk c. The mass of the trunk isMr with the centre of gravity
in the middle. The mass of the legs isM g, with the centre of gravity
in the middle as well.

~

== a—

(c) Assume that in a state of equilibrium the legs are horizontal. De-
termine the angle for which this is the case a as a function oM g,

Mg, cend.
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3.2 answers
3.1
(@) See gure.

Ve
,HLI

‘4a
5a

) 3a l a | a } a
gMp gMk
(b)
3 5
Ha = —-Mp + -M
A g 2P T g Mk
2
Va = §gMK
He = §M + -M
c g 2P T g Mk
Ve = g Mp+ My



3.2 answers

3.2
(@)
1
F=s9M
(b) See gure.
79ML
Vs
Hs E[
[ !
Ms 2
gMa
HS = 0
1
Vs = g(Ma EML)
1
Ms = Ega(MA ML)
(©)
sin( ) = dMe

CMRgr +2cMg
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not yet available
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Extra exercises of chapter 5

5.1 Exercises

5.1 In the gure a schematic of a Kelvin-Voigt model is given. The model
comprises a spring with constantc and a dashpot with constantc .

C
My F
L

[

(&) What is the strain after a very long time (meaning whent!1 ),
if the system is loaded with a step forceFg at t = 0?
(b) Draw a schematic of the strain history "(t) after applying the load

history as depicted in the gure below. Also show the limit in the
gure that was calculated in item (a).

Fo

ot t

(c) Draw a schematic of the forceF (t) after applying a strain rate " as

given in the gure below. Give an expression for the forcer (t) for
t>t .
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o~

5.2 Consider the Maxwell model in the gure below consisting of a spring
with constant ¢ and a dashpot with constantc .

c c F
—

(@) Make a sketch of the strain"s of the spring and a sketch of the
strain "4 of the dashpot as a function of time, if a force history is
prescribed as indicated in the gure below. Give the values of the
strains immediately after the application of the force.

F

Fo

(b) Make a sketch of the forceFs in the spring and a sketch of the
force Fq4 in the dashpot as a function of time if a strain history is
prescribed as sketched in the gure below. Give the values of the
forces immediately after the application of the strain.
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5.3 In the gure below four di erent, linear spring-dashpot models have
been drawn that could be used to describe the mechanical behaviou
of a biological material. The spring and dashpot constants are given
in the gure. Each of the models represents some kind of linear visco
elastic behaviour.

ot b

@

k ‘ = b k
e WA
] I
() (d)

Assume that the length of a tissue specimen is changed by means of
a step"o as given in the gure below.

Draw the applied load F (t) as a function of time t for each of the mod-
els. Also give relevant values for the initial values offF, asymptotes
etc. in the gures.
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5.4 For a linear visco-elastic material it is possible to calculate the strain
"(t) at a given time for a prescribed uniaxial load F (t) provided the
creep function J (t) is known. Assume, that:

J)=C(t+ );

with C and positive material constants. Itis assumed that fort <t
the material is not stretched. At t = t; the following load is applied
to the material:

F(t)= F[H(t t1) H(t t2)];

with F constant andt, >t 1, and whereby H( ) represents the Heavi-
side step function.

(8) What is the physical interpretation of the creep function J(t)?

(b) Sketch the force as a function of time.

(c) Determine the strain "(t) as a function of time and represent the
result in a drawing for the case that F is positive. Note that for
t >t , the strain is constant.

5.5 The strain "(t) of a linear visco-elastic material can be calculated by
means of the creep functionJ (t) provided the load history F(t) is
known. Assume, that:

h i
Jt)=Jo+C 1 & O

with: C = 370 and Jo and material constants. No deformation or
force is applied to the material fort < 0. From the time t = O the
material is loaded with a closed-loop loading process speci ed by:

F(t)= F[H(t) 2H(t )+H(t 2 )] ;

with H() the Heaviside step function and F a positive constant, which
is a measure for the magnitude of the force. The constant is a
measure for the duration of the loading process.

(a) Give the load as a function of time without using the Heaviside
function.

(b) Determine the strain "(t) as a function of time and draw a sketch
of the result. Note that fort 2  the strain approaches to zero
again.

(c) Prove that, independent of the numerical values of the relevat
parameters, fort 2  always holds: "(t) < 0.
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5.6 For a linear visco-elastic material the following relaxation function
G(t) is given:
G(t)= Ge ' ;

with G and positive material constants. No deformation or force is
applied to the material for t < 0. The material is uniaxially stretched
The history of stretching the material is shown in the gure below.
The magnitude of the strain is .

0 I RE 4 5 l6 t

(a) Make a sketch of the forceF (t) in the material as a function of time
forO t 6.

(b) Calculate the force at time t = 3.

(c) Calculate the force at time t = 5.
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5.7 A lot of research is aimed at developing bio-degradable bone screws
(see gure).

One disadvantage for the application of this type of polymer screwss
their visco-elastic material behaviour. In a laboratory test a resarcher
xes two sti plates (they may be considered as rigid bodies) to each
other. Initially the screw is in a stress and strain free state. The sew
is manufactured from a linearly visco-elastic material. The mechanich
behaviour of the material can be described by means of the relaxain
function G(t):

G(t) =5 el 0:07 t0:3)

where the timet is expressed in [s] and G(t) in [16 N].

At a certain time the screw is tightened (fast) such that the transmit-
ted extensional force equals 1 [kN].

(a) Calculate the axial strain "; in the screw after it is tightened.
(b) Calculate the force F; in the screw 24 hours after it is tightened

After 24 hours the screw is tightened again fast, such that the eten-
sional force again equals 1 [kN].

(c) Calculate the associated strain"; in the screw
(d) Calculate the force F; in the screw again 24 hours later.
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5.8 In a laboratory a tendon with a length of 50 [mm] is mechanically
tested. Initially the tendon is in a stationary state (the force in the
tendon equals zero and the tendon has a constant length) which is
used as a reference state. The mechanical behaviour of the teod
can be described with a linear visco-elastic model, characterized by
the creep function J (t) according to:

J)=Jo2 e T );

with = 250 [s], Jo = 0:0001 [N 1]. In an experimental set-up the
tendon is loaded during 500 [s] with a force of 100 [N] and after that
fully unloaded.

(a) Calculate the strain "1 of the tendon immediately after the load is
removed.

(b) Calculate the strain ", of the tendon 100 [s] after the load has been
removed.

5.9 To determine the mechanical properties of biological tissues oftea
rheometer is used (see gure) A cylindrical tissue specimen is clamge
between two plates. Subsequently the top plate is rotated and theno-
ment (torque) that is acting on the bottom plate is measured. Becaise
the deformation is completely determined by the geometry and not ly
the mechanical behaviour, this is called a visco-metric deformation.
For the rotational angle and the measured torque the material be
haviour can be derived. A researcher has determined the propdds

stress relaxation

01

strain [%]

o 10 20

time [s]

Drawings courtesy of Marion Geerligs

of fat tissue in this way. At small strains the behaviour can be de-
scribed with a linear visco-elastic model according to:
Z t
F(t) = Gt )u()d;

with G(t) the relaxation function, F a force with dimension [N] and
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" the strain rate [s !]. The following relaxation function could be
derived from the experiments:

G(t)=10+5e ©° expressed in [kPa]

To the fat tissue a strain is applied as depicted in the gure at the
right. By using the Heavyside function H(t) this can be formulated
as:

"(t)=0:00L H(t) H(t 10)]

(a) Give an expression for the forceF (t) as a consequence of the ap-
plied strain for t < 10 [s].

(b) What is the force, immediately after the strain is removed at t =
10" [s]? Is it a compressive or extensional force?

(c) What is the force at t = 30 [s]?



5.2 Answers

5.2 Answers
51

(@ Ift!l then"! Fe
(b) See gure.

-
o

/

(c) See gure.
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5.2
spring dashpot
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2k" o
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54

(&) The creep function J(t) can be interpreted as the strain"(t) result-
ing from a unit step in the force F at time t =0, so:

"(t)= J(t) isthe response on F(t)=H(t)

(b)
for t<ty F()=0
forty t<t, F(t)y=F
for t oty F()=0
(©)
for t<ty "(t)=0
forty t<t, "(t)= FJ(t t1)= CF(t ti+ )

for t oty "(t)= F[(t t1) J(t t)]= CF(ty t1)
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5.5
(a)
for t< 0 : F(t)=0
for 0 t< : F(t): E
for t< 2 : Ft)= F
for t 2 : F(t)zo
(b)
_‘JOh t i
"ty = FZ 3 & 7 for 0 t<
_‘]Oh t t i
"t) = F — 3 e )yoel ) for
] h . . N
W o= Fod De2el D& D for
5.6
(a)
2 t 41 FMt)=",Ge ©2?
4 t 1! F()="pGe ©2 " Ge

(b) F(t=3)= "y Ge
© F(t=5)= ",Ge? ",Ge

5.7
(@ "1=0:2 10 ®[]
(b) F1=120[N]
(c) "2=0:2 10 *+0:18 10 *[]
(d) F2=179 [N]

(t 4



5.8

5.2 Answers

(a) "1 =100 0:0001( e 500=250 + 1) = 0 :0086 [-]
(b) "2 =100 0:0001( e 600=250 4 ¢ 100=250) = (:0058[-]

500 [s] time

0:01(2 e %%=25%)=0:0186

—

0:0186 0:01 = 0:0086

Force
100 [N
Strain
0.01
5.9
(@)
(b)
F (t
(©)

time

F (t)=0:001 10+5e ¥° [kN]

=10")= 432 [N] (compressive)

F (t=30)=

0:0796 [N]
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6.1 Exercises

6.1 A research assistent wants to determine the mechanical propges of
heart valve tissue. For this, a long slender rectangular tissue sp@oen
is cut from a valve (see gure) and clamped in a uniaxial-testing ma-
chine. After clamping it appears that the specimen is a little narrower
in the middle (point M) than it is is near the clamps (point K). The

|
\ \
x=0 X =

assistent decides to make a model. Because of symmetry reasomsyo
half of the strip is analyzed, resulting in the model below. The spec-
imen is considered to have a rectangular cross section with constan
thicknesst and a position dependent heighth(x), for which:

h(x) = ho(1+ =) ;

22
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with hg and  positive constants. The material is assumed to be
homogeneous and linear elastic with Young's modulu&. The length
of the specimen (in fact half of the specimen) is. At the point x = °
an external forceF ia applied.

(&) What are the dierential equation and boundary conditions, de-
scribing the displacementu(x) of every point in the specimen?

(b) Which cross section in the material has the highest stress?

(c) Calculate the displacement atx = *?

(d) Where is the highest strain found in the specimen and how high is
this strain?
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6.2 answers
&)
d du
— EA— =0;
dx dx '
with A = tho(1+ x=").
The boundary conditions are: u(0) =0 and EA 3—21&:‘ =F.
(b) At x =0, because the cross section is smallest at that point.

(©

u(x) = %‘OEIn(l+ XT)
(d)
"max = "(x=0)= F

tho E
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7.1 Exercises

7.1 Consider a cubic domain in three-dimensional space, given as:

2R x 2R
2Ry 2R
2R z 2R ;

with R a constant andx, y and z the Cartesian coordinates. Within
this domain a temperature eld is de ned by:
Xty |

6R '
with Tp the temperature in the origin. In the domain a circle is de ned
by means of the parameter curve:

T=T(Xy;z)=Ty 1

R cos( )
Rsin( )
z = 0;

with  the angle between the positivex-axis and the position vector
to points on the circle (0 2).

Determine the directional derivative of the temperature along the cir-

cle as a function of and calculate the angles for which the absolute
value of this directional derivative is maximal.

25
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7.2

7.3

7.4

In a Cartesian xyz-coordinate system a body is considered, that ro-
tates with constant angular velocity ! around the y-axis. Consider
the point P in this body with the current position vector:

% =3 8 5¢+4 € ;

with * constant.
Determine the magnitude of the velocity of point P.

Within a spherical domain (with radius 2R) in three-dimensional
space, de ned byx? + y2+ z2  4R?, with x, y and z the Carte-
sian coordinates, a temperature eld is given by:

X+y+z
T=TXy;z)=Tg 1+ ——

(xy;2)= To 8R ;
with Ty a constant.

In the domain a circle is de ned in the xy-plane, given by: x?+y? = R?
and z = 0. On this circle a point P with x, =3R=5andy, =4R=5is
given.

Determine the derivative of the temperature eld in the direction of
the circle in point P. Why is the answer to this question not unique?

A line * connects two xed point A and B in space. The position
vectors of those points in a Cartesiarxyz-coordinate system are given
as:

N 6 &

98 48 +12%

AB

A body rotates around this line ~ with constant angular velocity ! .
Consider a point P of this body that is currently in the origin of the
coordinate system.

Determine the magnitude of the velocity of point P.



7.5

7.6

7.1 Exercises 27

In a Cartesian xyz-coordinate system a (two-dimensional) stationary
uid ow is considered. The velocity eld is described by:

V(X Y;Z) = (X y) 8+ vy (X y) &

At three points in space (A,B and C) the velocity is measured (see
table). The coordinates are in [cm], the velocities in [cm/s].

X|ylz|w/|w
A|lO0|2(0|10] -2
B|O|4|0|24]| 8

C|2(3|0|17] 9

Determine the velocity gradient tensor L assuming that this tensor is
constant (independent ofx, y and z).

In a Cartesian xyz-coordinate system, with basis vectorss., §, and
€, the particle track of a material point P is given by means of a
parameter description:

®x= %)= x()&+y()g+2z( )& ;

with 0 4 and:
x() = R cos()
y() = R sin()
z() = 2R

with R a constant. The point P moves along the track with a velocity
vector ¥ with constant magnitude V (positive constant): jvj = V.

Determine the velocity vector v of the point P at the time that P is
spatial position, de ned by = =2.
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7.7 Consider a rectangular area ABCD in thexy-plane. For the geom-
etry see the gure Coordinates in [cm]). Within the area ABCD a

y
3 D C
2
11 A B
: X

\i\l\i\
1 2 3 4 5 6 7

two-dimensional temperature eld is found with constant gradient,
yielding:

@T @T

— =3 [°Clcm] ; — = 2[°Clcm

ax- 3 L°clem Gy~ 2 Cleml

The temperature in point A is 40 [°C].

Calculate the temperature in point C.

7.8 In the three-dimensional space a temperature eld is described ith
the equation:

o —
T(X,y,Z) = To+ T]_E with: r = X2 + y2+ 72 :

with x, y and z the Cartesian coordinates, Ty and T, constants with

the dimension temperature andL a positive constant length. Consider
a straight line ~ from a point A to point B. The position vectors of

these points are given:

Le, +2Le, +2Le; :

AB

Determine in point B the derivative of the temperature eld in the
direction of the line ".
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7.9 For a certain material point the position in space is given as a functio
of time t by means of the position vector:

2 3
tt+2)
x=c4 3 5;
tt 6)

with c a constant andt expressed in [s].

Calculate, the unit vector tangent to the track of the particle at t =5

[s].

7.10 On a domain in three-dimensional space, given by 2° X 2,
2y 2, 2 z 2 atemperature eld is given by:

(x% +2y?)

T=15 .

Determine the directional derivative of the temperature T in the di-
rection of a unit vector ethat is given as a function of the coordinates:

T
T 5% 59

7.11 On a two-dimensional domain, given by: 0 x< 3;0 y 3the
following temperature eld is found:

X+y
6

In addition a parameter curve in space is given as:
x()=(? De+( +1)%

Determine the directional derivative of the temperature T along the
curve as a function of .

T=4 1
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7.2 Answers
7.1
dT _ To ..
de ﬁ[sm( ) cos()]
This directional derivative is maximal/minimal for =3 =4and =
7=4.

7.2 The magnitude of the velocity in point P is: 51" .

7.3
T~ To
de  40R

. . . . P——
7.4 The magnitude of the velocity of point P is: % I 10

7.5
L=788+3 g8 +5 8%

7.6

1 —
N = gVpS( & +2€)

7.7 The temperature in point C is 48 PC]

7.8 The derivative of T in the direction of line ™ in point B is:

ar _ 8Ty
de 9L
7.9
12
1
- 24 35
e= 3
13
7.10

dT 1
%:e rT= ﬁ(6x+16y)
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7.2 Answers

7.11

d_d
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8.1 Exercises

8.1 Consider a material element as given in the gure below. The stress

state in the element is homogeneous, de ned by means of the stres

matrix _ according to:

2 3
150 0 0
=4 0 200 100° expressed in [MPa]

0 100 300
Calculate the magnitude s; of the shear stresss acting upon the plane

ABCD.

32



8.2

8.3

8.4

8.5

8.1 Exercises 33

In a material point the stress state is speci ed by means of the sess
matrix _ according to:

2 3
3 0 48

=4 0 100 05 [MPa]
48 0 64

Calculate the maximum shear stress $;)max -

For a material point in a Cartesian xyz-coordinate system the stress
tensor is speci ed as:

=288 +t299 +t4e€ in[MPa]
Prove, that upon all arbitrary planes parallel to the z-axis only a

normal stress , =2 [MPa] is acting and no shear stress (s = 0).

For a material cube in a Cartesianxyz-coordinate system the stress
tensor is given by:

= o && Tt yw 8§t 2 &€+
+ 26+t ge +tEE T EE& T €8t §€),;

so, the shears stresses have a quantitative value (in [MPa]), but ta
normal stresses are not speci ed yet.

Is it possible to give the normal stresses a value such that the thre
principal stresses are equal to each other ¢ = , = 3)? If the an-
swer is yes, the question is how? If the answer is no, the question is,
why not?

For a material particle in a Cartesian xyz-coordinate system the fol-
lowing stress tensor (expressed in [MPa]) is given:

=g t+88 +taget+get+tdge + 68 +t46%8

In addition, it is given that the middle principal stress , = 3 [MPa].

Determine the, to this principal stress associated, principal stras di-
rection vector i, normalized to a unit length.
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8.6

8.7

In a material point the following stress state is found:
= pl+ d ;
with:
‘= g4ee ge 3ee);

with | the unit tensor and with: p =3 [MPa] and q=2 [MPa].
Determine the equivalent stress 1 according to Tresca.

Consider a wedge shaped piece of material, positioned in a Cartesian
xyz-coordinate system as depicted in the gure.

Perpendicular to the plane ABCD an external load is acting in the

form of a known pressurep. Attention is focussed on the stress ma-
trix _ (with components ., xy, ..... , zz) for the material bounded

to the plane ABCD.

The components of this stress matrix have to satisfy three scalaequa-
tions. Derive these relations!
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8.8 Consider a material volume in the form of a tetraeder ABCD. The

8.9

coodinates of the corner ppoint, with respect to a Cartesianxyz-
coordinate system are given in the following table (lengths expresske
in [mm]).

A|lB|]C]|D
x| 20| 0] 00
ylol|16| 0o
z|o]o|15]0

In the element the stress state is homogenous, de ned by meand o
the stress matrix _ according to:

2 3
50 0 0
=4 0 50 255 expressedin [MPa]
0 25 0

Calculate the stress vectors working on the plane ABC.

In a material point the stress state is speci ed by means of the sess
matrix _ according to:

2 3
4 2 1
=42 7 25 expressedin [MPa]
1 2 8
In the same point a plane is considered with unit outward normaln:
2 3
1 1
n= p— 4 15
3 1

Show that no shear stresses are acting on this plane.
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8.10 For a material element the stress state is de ned by means of &

stress matrix _:

3
2

6 1
=4 1 2 25 expressedin [MPa]
2 2 5

It can be derived that the associated principal stresses are:
p— P—
1=(4 14) =5 3=(4+ 13)

Determine the unit outward normal n, to the plane upon which the
principal stress , =5 [Mpa] is acting.

8.11 Consider a cube of material, with the edges oriented in the directio
of the axes of axyz-coordinate system( see gure). In the gure also
the normal and shear stresses are given (expressed in [MPa]) thatt
on the side faces of the cube.

Determine the equivalent stress— according to von Mises.
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8.2 Answers
8.1

sy =20 [MPa]

8.2
(St)max =50 [MPa]

8.3 All arbitrary planes parallel to the z-axis are characterized by the
normal vector f:

A=cos( )g +sin( )g with: O <=2

From: s = 7 it follows that the stress vector is in the direction
of the normal vector A. The expressions, = s A leads to a normal
stresss, = 2 [MPa].

8.4 Impossible; in the case of three equal principal stresses Mohr'srcles
degenerate to a single point, meaning that no plane exists upon which
shear stresses are acting.

8.5
1ip
f2= 2 (s § &)
8.6
T =14 [MPq]
8.7
3 xt4 x = 3p
wt4 yz = 0

3 2 +t4 = 4p
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8.8

2 3
24
s=4 145 expressed in [MPa]
15

8.9 The stress vectors acting upon this surface is:

2 3
1

s=p=4 15 expressed in [MPa]
1

oo

which is in the direction of the normal n.

8.10
2 3
1 1
n,= p=415
3 1
8.10
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9.1 Exercises

9.1 Consider a uid owing through the three-dimensional space (with an
xyz-coordinate system). In a number of xed points in the space the
temperature T and the uid velocity v are measured as a function of
time t. Based on these measurements the temperature and velocity
can be approximated as follows:

T = (Zax+ %y)e(1 ) with a, band c constant
0

v = 4 x 5 with and constant
y

Determine with these relations the material time derivative T of the
temperature T as a function of the spatial coordinates and time.

9.2 Consider a cylinder with a circular cross section, positioned in axyz-
coordinate system as shown in the gure below. The bottom surfae

39
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9.3

is xed in space. The top surface is rotating around thez-axis. The
deformation can be described agorsion . The position vectors x of
the material points in the deformed con guration can be expressd in
the position vectorsx, in the undeformed (reference) con guration by
means of:

2 3 2 32 3
X cos( ) sin() O Xo
4y5=4sin() cos() 054y, 5;
z 0 0 1 Z0
with = !z and! the angular change around thez-axis per unit

length in z-direction.

Determine the deformation matrix F as a function of the reference
coordinatesxg.

A cubic continuum deforms homogeneously. The reference (time=
0) and current con guration (time t > 0) are shown in the gure, in
a Cartesian xyz-coordinate system.

Z  reference z
deformed
a
y y
a
a 23
ya
The extension ratios in x-, y- and z-direction are:
t+
x=1 y = ) z = T+

with  a positive constant. The components of the velocity of the
material depend on the position in space, speci ed by, y and z (Eu-
lerian formulation) and the time t.

Determine the velocity in the y-direction as a function of position and
time: vy (x;y;z;t).
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9.4 In a Cartesianxyz coordinate system a cylindrical blood vessel (length
") is considered. The blood is owing with constant velocity: ¥ = V g,
see gure. The temperatureT in the blood vessel is a linear function

of the spatial coordinatey:
T="To+ ¥(T~ To) with To and T- constant

Consider a uid particle with position %= "=2 g, attime t =

What is the (in nitesimal) change dT of the temperature of that par-
ticle after an (in nitesimal) increase dt of the time?

9.5 Consider a deforming body in the reference and current con gua-
tion. In the reference con guration the position vector of a material
point is given as ¥, and in the deformed con guration as x = %y + d
with d the displacement vector. Using the Lagrangian description the
displacement eld is given by:

H=H(%) = [(% 8)e (% 8)§];

with 8 and g, the unit vectors along the x- and y-axes of axyz-
coordinate system and with a constant.

Determine the associate Eulerian description of the displacement ki:
H= H(x).
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9.6 From plate ABCD in an xy-coordinate system the reference and cur-
rent con guration are given, see gure below. The position of a ma-
terial point P in the reference con guration is speci ed by the vector
%0 = Xo®& * Yog§ and in the current con guration with the vector
% = xe& + yg,. The deformation is homogeneous. The temperature

Y ref. conf. y
current conf.
D c c
P
a D P B
9 4 o az| X ‘ Ialz
X

A » @ B X

€ 4—%

eld T(x;y) is given in the current con guration (Eulerian descrip-
tion) as: T(x;y)= + x + y with , and constant.

Determine the temperature eld T(Xo;Yo) with respect to the refer-
ence con guration (Lagrangian description).

9.7 Consider a ow between two plates in a xedx;y; z-coordinate system
(see gure). The top plate is brought at a temperature T, the bottom
plate at a temperature T;. The ow can be considered to be fully

y
T2
1
P
X
-1 N
T:
developed with a velocity pro le:
v=v(l o yA)e;

with v a constant. Near point P a temperature pro le along the y axis
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is measured during the heating phase of the system. For this pro le
the following relation is found:

T= M@ p+ a1 e

Determine the material time derivative T of the temperature in point
P.
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9.1

9.2

9.3

9.4

9.5

9.6

9.7

E:

Extra exercises of chapter 9

9.2 Answers

T=[(b acox chye?

2 cos() sin() !'[ Xosin( ) Yyocos() 3
4 sin() cos() ![xocos() Yyosin() 5

0 0 1
gz
ar= YT _To) 4
1
ﬂ(*)zm[(x‘*w@ x y)el

TXxy)= + 2 5 Xot Yo

T= 2T+ Toe !
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10.1 Exercises

10.1 Consider a cube of bone material, see gure. The bone cube is loadle
with a shear force. The current position x of material points in the
bone depends on the timet.

The relation between the current positionx and the position X, in the
reference con guration (at time t = 0) is given by:

2 3 2 32 3
X 1 t O Xo

4y5=40 1 054 y,5 with  constant
z 0O 0 1 Z0

Determine the associate rate of deformation matrixD as a function
of time t.

10.2 Consider a deformable body in three-dimensional space (withxyz-
coordinate system). Around a material point in the reference corg-
uration a parallelepiped is de ned (small with respect to the size of

45
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the whole body), by means of the three vectors:

2 1 3 2 0 3 2 0 3
Xoa = ‘405 Xop = ~4 25 Xoc = ‘405;
1 0 1
with ° constant. After a locally homogeneous deformation, these
vectors are transformed to:
2 3 2 3 2 3
1 0 3
Xq = ~4 15 Xp = ~4 25 Xe = ~4 05
1 0 2

Determine the local deformation matrix F.

10.3 Consider the deformation of a body in the current state with resgect
to the reference state. In a part of the volume of the body the déorma-
tion is homogenous, speci ed by the deformation matrixE according

to: 5 3
2 10

F=43 2 05
0 01

In the current state two points P and Q, within the considered volume,
are depicted with a distance and connected by:

2 3
1

XQ XP: 405
0

Determine the (original) distance of the points P and Q in the refer-
ence state.

10.4 For a material particle the deformation in the current state with r e-
spect to the reference state is described by means of the defoation
matrix F according to:

2 3
1 0 0

F=40 1 05
0 0 1

The question is: can this deformation matrix exist in reality? If the
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106

10.7
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answer is no, why not? If the answer is yes, what is the physical
meaning?

For a material particle the deformation proces with respect to a k-
ned reference state is described by means of the deformation ntiax

E(t) as a function of time t. Based on this speci cation it is possible
in this case to determine a spin matrix_ (t).

Consider an extra rotating proces that is de ned by the deformation
matrix E (t) for which:

E ()= P()E() ;
where P (t) is a time-dependent rotation matrix. The spin matrix as-
sociated with the extra rotating proces is__ (t).
Proof the following relation between__and _ :

_ =P _PT+RP’

An incompressible, homogeneously deforming bar is placed in atyz-
coordinate system in such a way that the axis of the bar coincides
with the x-axis. The length * of the bar is prescribed as a function of
t according to:

= 9(1+ t) with constant;

where "o represents the length in the reference state (at = 0).
Determine the deformation rate matrix D attime t =1= .
For a material particle, the deformation of the current state with

respect to the reference con guration is given by means of the der-
mation matrix F according to:

2 3
3 40

E=4 2 3 053
0 01

The components are referred to a Cartesiarkyz-coordinate system.
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10.8

10.9

Consider a material line segment that is parallel to they-axis in the
current state

Calculate the Green-Lagrange strain g for this line segment when
deforming from the reference state to the current state.

The midplane of a thin rectangular membrane coincides with the
xy-plane of a Cartesianxyz-coordinate system. The membrane is
stretched equally in x- and y-direction. The extension ratio as a
function of time t for both directions is given:

(t)=1+ t;

where is a constant measure for the deformation velocity. The
thickness of the membrane can adapt freely. The material behawe
incompressible, leading to a deformation matrix E of the following

form:
2 3

0
E=E(t)=40 5
0 O

NO O

Determine the rate of deformation matrix D = D(t), expressed in
(and t).

Consider a deforming body in axyz-coordinate system. The position
of the material points in the reference con guration is speci ed with
the vector x, and in the current con guration at time t by x. In the
Lagrangian description the deformation proces can be describedyb
X = X(Xq;t). For a special category of deformation processes we can
write:

X = X(Xg;t) = A(t) Xo + s(t) ;

where the components ofA and s are only functions of time.
Prove for the velocity gradient L, dened asL = r v' T, that:

A 1

dA
L= —
- dt

If the matrix A equals the unit matrix | substitution leads to the
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following equations:
X = X(Xg;t) = Xg+ s(t) and L=0

What is the physical interpretation of these two relations?

For a material particle the deformation of the current state with re-
spect to the reference state is speci ed by the deformation maix F
according to:

3
1 10
F=4 1 2 05;
0 01

where the components are related to a Cartesiaxyz-coordinate sys-
tem. Consider two material line segments. In the current state tre
line segments are parallel to thex-axis and the y-axis, respectively
(the angle between the line segments is = =2).

Determine the angle o between the line segments in the reference
State.

Around the origin of a Cartesian xyz-coordinate system the velocity
eld of uid in a stationary ow is given by:
2 3
v=4 v, 5 withh w= ——_;vw=—:v,=0;
v Ty 2Ty ’

with  and positive constants. Consider an in nitesimally small
material line segment, currently in the origin of the coordinate sys-
tem and directed along they-axis.

Determine the logarithmic strain rate In(-) = = , with  the exten-
sion ratio.
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10.12 A test that is used frequently for porous materials like cartilage,skin
or spongious bone is the con ned compression test. In a rigid cylin-
drical con ning ring (radius of the cross sectionR) a porous material
is placed (see gure). The porous material ts exactly in the ring. At
time t = 0 [s] the height of the porous specimen ish =1 [cm]. From
time t = 0 on the material is compressed by moving an indentor down-
wards with constant velocity vg = 0:1 [cm/s] in negative z-direction.
Assuming that the material in the cylinder deforms homogeneously,

Vst

the only relevant component of the velocity gradient matrix L will be
@y=@z

Determine the value of @y=@#or t = 2 [s].

10.13 In a small volume of a material continuum the deformation tensorin
the current state with respect to the reference state is constat. The
following deformation tensor is given:

F=1 488 +288 + 6%

with | the unit tensor. Consider two material points P and Q in the
current state:

Xp =&+ +€ ; % =26 +3§ +2¢
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The position of point P in the reference state is given by:
Kop = &

Determine the position %o in the undeformed reference con guration.
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10.2 Answers

101 ) s
010
Q:§41 0 05
0 00
102
2 3
2 0 3
FE=4 11 05
10 2
10.3
jdxoj= 13

10.4 Yes, matrix F represents a rotation (over an angle ) around the

X-axis
10.6 ) 3
2 0 0
D= Z4 0 1 05
0 0 1
10.7
L
6L =
10.8
2 3
10 0
b= 1+t 401 05
00 2
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109 If A = 1 we have a rigid body translation

10.10

1011

1012

1013

3P —

cos() = 10 10
= —

@y _ . 1

@z 0:125 [s ]

1
Xoo =286 +28 + Ee‘

53
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11.1 Exercises

111 A porous material is subjected to a con ned compression test. &r this

a cylindrical specimen is placed into a tight tting ring (radius of the
cross section R). At time t = 0 the material specimen is compressed
by moving an indentor downwards in negative z-direction. In the
reference state the material has a density o [kg/m3]. The rate of

deformation matrix D, of the material specimen is given by:

2 3
0 0O

40 0 095;
0 0 1

D= <
t 0

with  [m/s] a constant and with "¢ the initial height of the specimen.

Give an expression for the density = (t) as a function of time t.

54
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112 An experimental set-up to test the behaviour of uids is a so-callel
cross slot ow device. In the uid reservoir four cylinders are located,
all rotating with the same angular velocity. See gure.

C oD
C D

In the set-up an incompressible uid is examined. In the neighborhod
of the origin of the xyz-coordinate system the ow eld is described
by:

¥=c( xe+ys§);
whereg, and g, are unit vectors along the x- and y-axis.

The stress__ in the uid is related to the rate of deformation matrix
D by means of:_ =2 D_(Newtonian uid), where is a constant.

Determine the internal mechanical power per unit volume that is ab-
sorbed by the uid in this point.
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11.2 Answers

111

112
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12.2

12
Extra exercises of chapter 12

12.1 Exercises

The midplane of a very thin rectangular membrane coincides with
the xy-plane of a Cartesianxyz-coordinate system. The membrane
is stretched in x-direction (extension ratio . The displacement in
y-direction is prevented. The membrane is able to stretch freely in
z-direction. The material is incompressible, leading to a deformation
matrix of the form:
2 3
F = 4 5

o r O
o o

0
0
For the stress matrix _ a neo-Hookean relation holds:

_= pl+GBY with B=FF';

where p is the hydrostatic pressure andG the shear modulus.
Give an expression for yx in x-direction as a function of and G.

A part of a blood vessel is modelled as a cylindrical tube with length
2°. The central axis of the tube coincides with thez-axis of a Cartesian
xyz-coordinate system, while =z . The cross section of the
tube for z = 0 is depicted in the gure below. The cross section is
symmetrical with respect to the x- and y-axis. The tube is loaded
mechanically at the endsz = ° in an unspeci ed way. At the same
time an internal pressure is applied. The outer surface of the cilinde
is unloaded. At point A at the outer surface (on the y-axis, see gure)

57
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vesselwal

the following strain components are measured:
" =0:003 ",; =0:001 ", =", =0:002

Assume that the material behaviour of the vessel wall can be desibed
with Hooke's law, for which: E =8 [GPa] and = 1.

Determine the stress component ,, in point A.

12.3 The midplane of a very thin rectangular membrane coincides with
the xy-plane of a Cartesianxyz-coordinate system. The membrane is
stretched in x- and y-direction in the same way (extension ratio ).
The membrane is able to stretch freely inz-direction. The material is
incompressible, leading to a deformation matrix of the form:

2 3
0 O

F=40 05
0 0 &

For the stress matrix _ a neo-Hookean relation holds:
_= pL+GB® with B=FFT;

where p is the hydrostatic pressure andG the shear modulus.
Give an expression for 4 in x-direction as a function of and G.

124 In a con ned compression test a specimen of a porous biological ma
terial is placed into a tight tting ring (circular cross section with
radius R, see gure). The specimen is compressed by means of a rigid
indenter in such a way that the volume of the specimen is reduced
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with a factor 2. The force required to do this is P. Assume that the
porous material deforms in a homogeneous way.
l '

h/2

The mechanical behaviour of the material is described with a compres-
ible neo-Hookean model:

=K@ 1+ B

with _ the stress matrix, J the volume change enB the isochoric left
Cauchy Green matrix. The compression moduluX and the shear mod-

ulus G for this material can be assumed to be equal to each other:
K=G.

Express the forceP in K and R.
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12.2 Answers

12.1
1
wx =G 2 )
12.2
2z =18 [MPa]
12.3
1
wx =G 2 2
12.4
2
P = RK 1+2%
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13.1 Exercises

61
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13.2 Answers
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Extra exercises of chapter 14

14.1 Exercises

14.1 Consider the following partial di erential equation on the domain
1 x 1

Qu @ C@uz sin t;
@t @* @x
with A,B,C and constants andt the time. The weighted residual
form of this equation yields:
Z
! @u @u

@u .
w — Au+B— C—= sint dx=0
1 @t @% @x

with w an arbitrary weighting function.

Au + B

Which term(s) of the weighted residual equations have to be subjeted
to partial integration and why? Why is the result called the "weak"
formulation?

14.2 A researcher is trying to make "tissue engineered" cartilage. The
cartilage is placed in a circular wells plate and surround with medium
(see gure).
Because the thickness of the cartilage is much smaller than the di-
ameter D the transport problem of oxygen and nutrients can be con-
sidered one-dimensional. The thicknes$ = 0:2[cm]. The researcher
wants to know how high the internal glucose concentration is for a
given thickness of the cartilage and a given glucose concentration in
the medium. This can be done by solving the one-dimensional sta-
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schematic of bioreactor

Medium
Cartilage I t

' D
FEM model

du — -
&= u Uo

x=0 x=h —

tionary di usion equation:

d du

dx Cdx
with u de glucose concentration [Mol cm3®],¢c=9 10 ¢ [cm? s 1]
the di usion coe cientand f = 0:156 10 ®[Mols *cm 3] (watch
the minus sign!) the glucose consumption. The glucose concentratio
in the medium is: 5 10 ® [Mol cm 3]. The interface between the
cartilage and the bottom of the well can be considered impenetrable

Determine in the stationary equilibrium state the concentration glu-
cose in the pointx = 0. Adjust the le demo_femldhat is found in
directory oned of mlifem_nac
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14.2 Answers 65

14.2 Answers

Only the term with % because we want to reduce the order of di er-
entiation. This means that the requirements on the set of functiors
chosen to construct approximate solutions is less strict. That is tle
reason why it is called "weak" formulation.

u(0)=1:53 10 ®[mol cm ?
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15.1 Exercises

We would like to solve the following ordinary di erential equation for
u= u(t):

du .

— + Au =sin(!t) ;

at ('t)

with | and A constants andt is the time. We divide the time axis
in N discrete time intervals. We write up+1 = U(th+1 ) and u, = u(ty).

Derive a recursive scheme that enables us to determing,+; whenup,
is known. Use a -scheme with = 0:5 (Cranck-Nicholson)

In a bioreactor a tissue engineered construct is placed with medium
on both sides. On the left side (see gure) a high concentration of a
certain growth factor is found. On the other side the concentraton
of the growth factor is low. A uid ow is forced through the porous
tissue from the side with the high concentration to the side with the
low concentration. (See gure)

A researcher wants to know the concentration as a function of psi-
tion of the growthfactor for a given velocity of the ow. He solves the
obne-dimensional convection di usion equation for this purpose ad
uses a mesh with 10 linear elements. The length of the domain is 1
[mm)]. The di usion constant for the domainis: ¢=8 10 °[mm?s 1.

66



15.1 Exercises 67

concentration | Tissue concentration
high low
\Y;
—_
1 mm

At which velocity v of the main ow do you expect stability problems
with the numerical solution?

152 We would like to solve the following ordinary di erential equation:

% 2u=sin( t=4);

with u = u(t) and u(0) =0 at time t =0.

Write a MATLAB script to solve the equation using an Euler explicit
time integration scheme for0 t 8. Calculate the solution u(t)
fort=2andt=6
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15.2 Answers
151

(1 2A t)u, + S (sin(t ner) +sin(lt o))
1+ 2A 1)

Un+1 =

15.2 Stability problem will arise when Pe = % based on the element size

h becomes higher than one. This point is reached whernv =16 10 4
[mm? s 1]
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16.1 Exercises

16.1 A nite element mesh is given in the gure below.

4)
®

@
(@)

The associatedtop array (in MATLAB format) is given by:

top=[1 2 5 4

w oA DN
N N o1 w
g1 o o O
o O O O

]

The dest array (in MATLAB format) is given by:
dest=10[4;1;5;3;2;7;6]
Determine the associated arraypos.

69
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16.2

16.3

The following array usercurves is associated with the mesh in exer-
cise16.1 (MATLAB format):

usercurves = [1 2 3
370
760
6 4 1]

The solution array sol is given by (MATLAB format):
sol =103;04;-02;05;-07;08;0.0]
Determine the sum of the solutions in the nodes ofisercurve 4. Also

use the information given in exercisel6.1.

We want to solve the two-dimensional di usion equation by means of
the nite element method.

- (cFu)+f=0:
The weak form leads to the following equation:
Xel Xel
of

ViKoUg= V]
e=1 e=1

e

for which the element matrix K  is given by:
z
Ke=

!
. @N@N' . @N@N
. @x@x @y@y
We chosec = 1. In addition, an element with 4 corner nodes is chosen,
with a global coordinate system as given in the gure.

”1
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A program to determine the matrix by means of a 4-point Gauss
integration might have the following structure:

c=1;
% coordinaten van de integratiepunten
coordint=[ ; ; ; 1;
% startwaarde voor de te berekenen matrix
K=zeros(4);
%loop over integratiepunten
for i=1:4
x = coordint(i,1);
y = coordint(i,2);

dndx=[ ; ; ; T
dndy=[ ; ; ; [
K= ;

end

K

Finish the program and determine the matrix K ..
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16.2 Answers

16.2 The sum of the solution in the nodes ofusercurve 4 is: 0.3.

16.2 % program to determine stiffness matrix

c=1;

a=1/sqrt(3)

coord=[-a -a ; a -a ; a a ; -a a]
nint=4

Ke=zeros(4)
for i=1:nint
x=coord(i,1)
y=coord(i,2)
dndx=[-0.25*(1-y)
+0.25*%(1-y)
+0.25%(1+y)
-0.25%(1+y)];
sum(dndx)
dndy=[-0.25*(1-x)
-0.25*%(1+x)
+0.25%(1+x)
+0.25*(1-x)];
sum(dndy)
Ke = Ke + c*(dndx*dndx'+dndy*dndy")
end

Ke



Ke =

0.6667
-0.1667
-0.3333
-0.1667

-0.1667

0.6667
-0.1667
-0.3333

16.2 Answers

-0.3333
-0.1667

0.6667
-0.1667

-0.1667
-0.3333
-0.1667

0.6667
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17.1 Exercises

17.1 A one-dimensional element has 4 nodes at the positions given in the

gure below.
element
\ \
S N N ST
-3 -2 -1 0 1 2

Give the 4 shape functionsN; (i = 1;2; 3;4) belonging to this element

17.2 Consider the following integral:

z 2 X2
P dx
0 X+1

Determine an approximate solution for this integral by using a two
point Gauss integration

17.3 Proof that numerical integration of the quadratic function f (x) =
a+ bx+ cx? (with a, b and c arbitrary constants) on the domain
1 x 1 with 2-point Gauss integration leads to an exact solution
of the integral.

74
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17.4 Atwo-dimensional element has 9 nodes that are found on the posdns
as shown in the gure below.

Tzw o’ o’
y
1 L

0e e ¢°

S R
-1

o 1 2 X

Give the shape functionsN; in the global coordinatesx and y, that
belong to the nodes 1, 5 and 9.

17.4 Consider the following intergal:

Z 1 X2
p———dx
1 3X+4

Determine an approximate solution for this integral by using 3-point
Gauss integration.

17.5 From a certain element the following shape functions are given:

Ni =X 1)
N, = %(1+ )2 )(+ +1)
N3 = %(l+ a+ )+ + 1)
N, = %(1 Y1+ )+ +1)

Why is it impossible that these are correct?
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17.2 Answers

171
Ny = i(x+1)x(x 2)
7 30
N, = é(x+3)x(x 2)
Ns = S+ 3(x+1(x 2)
Ng = %(x+3)(x+1)x
17.2
ZZ X2
p—— dx 1:1578
0 3X+1

17.3 Both exact integration as well as numerical integration lead to the

expression:
2
2a+ -
a 3c
17.4
1
Ny = §X(x 2yly 2)
1
Ns = Z(X+1)(X 2)(y+1)(y 2)
1
= — + +
No 36><(>< 1)y(y +1)
17.4
Zl X2
p———dx 0:390
1 33X +4
17.5 Because:
X4

Ni(; )61
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18.1 Exercises

181 In a test-setup the bending of a beam is used to measure force3o
adjust the dimensions of the set-up a rersearch wants to do a nubrer
of simulations with the model that is given in the gure.

705) 8
y
|
| |@o)
15

4 @3) 5](4) 6
(6) ' @ ® |s
1 (1) 2[2)13 .

9 | X

10

77
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182

In the gure is shown which userpoints are de ned to construct the
model. The dimensions are given in [mm]. Assume a state of plane
stress. Use bi-linear rectangular elements. Subarea | can be mdtzl
with 10 5 elements. Subarea Il with 3 5 elements and subarea
I with 3 10 elements. The displacement of the bottom boundary
(y = 0) is suppressed. A force of 0.01 [N] inx-direction is prescribed
on userpoint 7. The Young's modulusE is 100 [N mm 2], the Pois-
son's ratio is 0.3 [=].

Determine the horizontal displacement of the beam inuserpoint 7.
A nite element mesh for a two-dimensional elastic solid problem with

three rectangular 4-node elements is given in the gure. There is no
distributed load. The associateddest matrix (in MATLAB format)

y F1
7 8
52 4 5 6
1 2 3 X

is given by:
dest=[1 2; 3 4; 56 ; 7 8; 9 10; 11 12; 13 14; 15 16]

The displacement of node 1 is suppressed in both directions. The dis-
placement of node 3 is suppressed ig-direction. On node 8 a force
F1 is working. For the direction see the gure. On node 4 a forcer;
is working in negative x-direction. After all steps of the nite element
method up to assemblage, the equilibrium equations lead to a set:
Ku=cf.

Show which degrees of freedom in the columh on the right-hand-side
of the equation are unknown, have a known prescribed value uneal
to zero or have a value equal to zero.
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183 A nite element mesh is given in the gure below. The associatedtop

®)

4)

(6)

(3]

(5)

@)

array is (in MATLAB format):

top=[1 2 5 4

w o AN

5

o 00 U1 W

6

© 01NN O

o O oo

8]

Ne

The pos array (in MATLAB format) is given by:

pos =[4135
1730
5390
3290
7830
386 2]

Determine the associated arraydest .

184 A nite element mesh for a two-dimensional solid problem comprises 3
rectangular 4 noded elements as given in the gure below. There is no
distributed load. De associatesdest -matrix is given by (in MATLAB

format):

dest=[1 2 ;34 ;56 ;78;910; 11 12 ; 13 14 ; 15 16 ]

The displacements of nodes 1 and 7 are prescribed in both directions
A force F; is acting on node 2 in negativey-direction. A force F; is
acting on node 3 in negativey-direction. After all steps until assem-
blage of the nite elements the equilibrium equations lead to a set of
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y

Fi1

equations of the formK u=f .

F2

Point out which degrees of freedom in the right-hand-side columrf
are unknown, which have a prescribed value that is not equal to zer
and which have a prescribed value equal to zero.
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18.2 Answers

181 % This script solves extra exercise 18.1
clear, close all
% L: Length of the model, H: Height of the model
L1=9; L2=10; H1=5; H2=15;
% itype=1 : quadrilateral element
%  norder=1: (bi-)linear element
itype=1,;
norder=1,;
% definition of the points of the domain
points=[0 0 ; L1 0 ; L2 0 ; O H1 ; L1 H1 ; L2 H1 ; L1 H2 ; L2 HZ];
% n: number of elements in the x-direction
% m: number of elements in the y-direction

n1=10;

n2=3 ;

ml1=5;

m2=10;

% definition of the curves (see crmesh)

curves=|[
12n111
23n211
45n111
56n211
78n211
14mli11
25ml111
36mli11
57m211
6 8 m21 1j;

% subarea definition (see crmesh)
subarea=[1 7 -3 -6 1
28 -4-7 1
410 -5 -9 1j;
% E: Young's modulus
mat.mat=[100 0.3 2];
if itype<10,
mat.mat(11l)=norder+2;
else
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mat.mat(11)=itype-20+norder;
end
% element type specification
mat.types='ele’;
% create the mesh

[top,coord,usercurves,userpoints,usersurfaces,topbn d]= ...

crmesh(curves,subarea,points,norder,itype)

% specification of the boundary conditions

bndcon=[];

% along curves 1 and 2, the degrees

% of freedom in the 1 and 2 direction are set to O

crv=[1 2];

dof=[1 2];

string="0";

iplot=0;

bndcon=addbndc(bndcon,coord,top,mat, ...
usercurves,crv,dof,string,iplot);

% nodal force at userpoint number 7

nodfrc=[userpoints(7) 1 1le-2];

% do the finite element computation

femlin_e

figure(1)

pldisp(sol,coord,top,dest,mat)

figure(2)

plelmdat(sigma_elm,coord,top,mat,2);

%determine node number of userpoint 7

ii=userpoints(7);

idof=dest(ii,1);

ux=sol(idof)

This leads to: u = 0:3429.

182f=[?2?20007?-F200000 00 Fix Fly]
183 dest=[4;1;7;5;3;8;9;2;6]

184f=[??20-F10-F2000000??0 Q]
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